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1 Introduction
Comprehensive G\"obner Systems (CGS), , Comprehensive Gr\"obner Bases (CGB)
Gr\"obner Bases . CGS&CGB 1992 Weispfenning
[19] , , Weispfenning [20] (CCGB), Manubens-Montes $[8, 7]$ (DISPGB),
$[16, 15]$ (ACGB) , .
, 2006 [17] (SS-CGS) CGS&CGB
, , , CGS
.
$F\subset K[\overline{A},\overline{X}]$ CGS&CGB , $K$ , $L$ ,
$\overline{A}=\{A_{1}, \ldots, A_{m}\}$ , $\overline{X}=\{X_{1}, \ldots, X_{n}\}$ ,
1. $K(\overline{A})$ $K(\overline{A})[\overline{X}]$
2. $K$ $K[\overline{A},\overline{X}]$
3. von Neumann regular ring $R$ $R[\overline{X}]$
. Weispfenning CGB $Manubens- Mont\infty$ DISPGB
1. CGS $S$ . ACGB
, 3. . , CGS
&CGB . SS-CGS 2. ,
$K$ Gr6bner , CGS&CGB
.
CGS &CGB , Weispfenning , Montes $fKs$- ,
. ,
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. Weispfenning (CGB) : REDUCE.
http: $//students.f$ im. uni-passau. $de/\sim reduce/cgb/$. Montes (DISPGB) : Maple.
http: $//www^{-}ma2$ . upc. $es/-montes/$
$\bullet$ (ACGB) : $Risa/Asir$ . ( )
$\bullet$ (SS-CGS) : $Risa/Asir$ .
http: $//kurt$ . scitec. kobe-u. ac. $jp/\sim_{sakira}/CGBusingGB/$
. SS-CGS [6] [10]




, CGS , CGB . $<x$ $T(\overline{X})$
.
1 (Comprehensive Gr\"obner System)




$T\downarrow$ $K[\overline{A}]$ . .
$\mathcal{G}=\{(S_{1}, T_{1}, G_{1}), \ldots, (S_{l}, T_{t}, G_{t})\}$ $F$ $<_{\overline{X}}$ comprehensive Gr\"obner system
, $(V(S_{1})\backslash V(T_{1}))\cup\cdots\cup(V(S_{l})\backslash V(T_{l}))=L^{m}$ , $\overline{a}\in V(S_{i})\backslash V(T_{1}),$ $(i=1, \ldots, l)$
$\sigma_{\overline{a}}(c_{:})$ $L[\overline{X}]$ $\langle\sigma_{a}(F)\rangle$ $<_{\overline{X}}$ Gr\"obner basis .
, $(S_{1}, T_{i}, G_{i})$ $(V(S_{i})\backslash V(T_{i}), G_{i})$ $\mathcal{G}$ segment .
2 (Comprehensive Gr\"obner Bases)
$G\subset K[\overline{A},\overline{X}]$ $F$ $<\overline{x}$ comprehensive Gr\"obner basis , $\overline{a}\in L^{m}$
$\sigma_{\overline{a}}(G)$ $\langle a_{a}(F)\rangle\subset L[\overline{X}]$ $<\overline{x}$ Gr\"obner basis .
SS-CGS , Kalkbrener [5] .
3 (Kalkbrener 1997)
$F\subset K(\overline{A})[\overline{X}]$ $<\overline{x}$ Gr\"obner $G=\{g_{1}, \ldots,g_{l}\}$ , $\overline{a}\in L^{m}$
sPecialization homomorphism $K(\overline{A})arrow L$ $\sigma_{\delta}$ . , $\overline{a}\in L^{m}$ .
$G_{\delta}=\{g\in G|\sigma_{\overline{a}}(HC<R(g))\neq 0\}$
,
\mbox{\boldmath $\sigma$} $G_{\delta}$ ) $\langle\sigma_{\delta}(F)\rangle$ $<\overline{x}$ Gr\"obner , $9\in G$ , $\sigma_{\delta}(g)arrow^{*}\sigma_{l}(G_{d})0$
.
, $K(A)[$$\overline{X}]$ Gr\"obner .





$<_{\overline{A},\overline{X}}$ Gr\"obner $G$ . , $g\in G\backslash K[\overline{A}]$
$\overline{a}\in V(G\cap K[\overline{A}])$ , $\sigma_{\overline{a}}(HC<x(g))\neq 0$ , $\sigma_{\overline{a}}(G)$ $\langle\sigma_{\delta}(F)\rangle\subset L[\overline{X}]$ $<\overline{x}$





$<_{\overline{A},\overline{X}}$ Gr\"obner $G$ , $\overline{a}\in V(G\cap K[\overline{A}])\backslash$
$\bigcup_{g\in G\backslash K[\overline{A}J^{V(HC}<x}(g))$ , $\sigma_{\overline{a}}(G)$ $\langle\sigma_{\overline{a}}(F)\rangle\subset L[\overline{X}]$ $<\overline{x}$ Gr\"obner .




INPUT: A finite subset $F$ of $K[\overline{A},\overline{X}]$ and a tem order $<A,x$ .
OUTPUT: A finite set $\mathcal{H}$ of triples $(S, T, G)$ of a set of polynomials $S$ and $T$ in $K[\overline{A}]$ , and
a Gr\"obner basis $G$ in $K[\overline{A},\overline{X}]$ .
BEGIN
$Garrow ReducedGrobnerBasis(F, <_{A,X})$ ;
$\mathcal{H}arrow\{(F\cap K[\overline{A}], G\cap K[\overline{A}], \{1\})\}$;
IF $1\in G$ THEN
return $\mathcal{H}$ ;
END
$h arrow SquareFree(\prod HC(g))$ ;
$\{h_{1}, \ldots , h_{l}\}arrow Factors(h)$ ;
$\mathcal{H}arrow \mathcal{H}\cup\{(G\cap K[\overline{A}], \{h\}, G\backslash K[\overline{A}])\}$;
F0R $i=1,$ $\ldots$ , $l$ DO








$\bullet$ (REDUCE, Maple, $Risa/Asir$) ?
.. $K(\overline{A})[\overline{X}]$ Gr\"obner $K(\overline{A})$ , $K$
$\overline{A}\ll\overline{X}$ , ?




1. $CGS$ . CGB .
.
2. .




4. Selection strategy .
1 . Selection stratey ? 6 .
5. .
4
$Riga/Asir$ PGB , URL .
http: $//www$ . math. kobe-u. ac. $jp/Asir/PGB/$
,
1. SS-CGS $CGS$ . CGB . ss-cgs. rr
2. [6] Discrete Comprehensive Gr\"obner Basae .
yk-dcgr. rr. [6] .
5 CGS CGB “ss-cgs. rr”
$\bullet$ $ss_{-}cgs$ .rr $SS_{-}CGS$ .. , $F\subset \mathbb{Q}[\overline{A},\overline{X}]$ reduoed CGS, reduced faithful CGS,




load( $\prime\prime\{ss_{-}cgs$ .rr full $path\}/ss$-cgs. rr“);
.
, gr, primdec .
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5.2 $CGS$ . CGB
5.2.1 ss-cgs.cgs-main, ss-cgs.fcgs-main
ss-cgs. cgsmain($plist$, vlist, hom$0$ , modular, order)
$::Comprehensive$ Gr\"obner System .
ss-cgs. fcgsmain($plist$, vlist, homo, modular, order)
$::Faithful$ Comprehensive Gr\"obner System .
return ss-branch . plist .
vlist order , .
homo modular .
plist vlist, order reduced CGS,
reduced faithful CGS .. vlist .
$\bullet$ , ( $0’$ ) , .
$\bullet$ $\mathbb{Q}$ Gr\"obner $nd_{-}gr_{-}trace$ .
$\bullet$ homo $nd_{-}gr_{-}trace$ homo , Gr\"obner
.. modulax $nd_{-}gr_{-}trace$ modular $(p)$ , Gr\"obner trace
.
$\bullet$ $ss_{-}bran\epsilon h$ , $ss$-cgs. cgsprint .
1:
$\mathbb{Q}[z, r, l, s_{1}, c_{1}, s_{2}, c_{2}]$ ,
$I=\langle r-c_{1}+l(s_{1}s_{2}-c_{1}c_{2}), z-s_{1}-l(s_{1}c_{2}+s_{2}c_{1}), s_{1}^{2}+c_{1}^{2}-1, s_{2}^{2}+c_{2}^{2}-1\rangle$
, $z,$ $r,$ $l$ $s_{1}>c_{1}>82>c_{2}$ reduced CGS
, The inverse kinematics problem for asimple robot , [8] Application 113 .
[301] $F$ $[r-cl+1*(sl*s2-cl*c2), z-sl-1*(sl*c2+s2*cl). s1^{rightarrow}2+c1^{\wedge}2-1, s2^{\wedge}2+c2^{\wedge}2-1]$
[302] $G-$ ss-cgs. $cgs_{-}main$ (F. [sl, $cl,$ $s2,c2].0,1.2$);
The CGS computation done. . . .
UP$\cdot$ [ 0.03125 0.015625], $RA\Leftrightarrow$ $[$ 0.015625 $0]$ , $NZC\Leftrightarrow 10$ , NZCT$=$ [ 0.0625 0.03125],
$ZC\cdot 2$ . $ZCT-[00]$ . $AEC\cdot 4$ . AET$=[0. 0156250]$ . $BEC-14$ . BET$-$ $[$ 0.015625 $0]$ .
$ALC-16,$ $MaxDepth\cdot 4,$ $MaxWidth\cdot 6$
[{ $[s1$ , cl, $s2,c2],2,$ $[z,r,1],0,0$}, $\{[0]$ . $[ 00 ]$ , $1,\{[],$ $[(1^{\wedge}3-1)*r*z^{-}3+(1^{\wedge}3-1)*r^{\wedge}3*z]$ ,
$[-z^{\wedge}2-r^{rightarrow}2+1^{\wedge}2+2*c2*1+1,z^{-}4+(2*r^{rightarrow}2-2*1^{rightarrow}2-2)*z^{\wedge}2+r^{-}4+(-2*1^{\wedge}2-2)*r^{arrow}2+1^{\wedge}4+(4*s2^{\wedge}2-2)*1^{\wedge}2+1$
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reduced CGS , . ,
, segment .
, ss-cgs.cgsprint .
[303] ss-cgs. cgsprint (G);





[1] $=\cdot 0$ , $[(z^{-}2+r^{rightarrow}2-1)]$ $!\approx 0$ .
[1]
[1-1] $==0$ , $[(r)*(z)*(z^{\wedge}2+r^{\wedge}2)]!=0$ .
$[-z^{-}2-r^{\wedge}2+2*c2+2,z^{\wedge}4+(2*r^{\wedge}2-4)*z^{\wedge}2+r^{arrow}4-4*r^{arrow}2+4*s2^{-}2$,
$(r-2*c1)*z^{\wedge}2+2*s2*z+r^{-}3-2*c1*r^{\alpha}2,r*z^{\wedge}3-2*s1*r*z^{-}2+r^{rightarrow}3*z-2*s1*r^{\wedge}3-2*s2*r^{-}2]$
$[1-1_{*}r]=\cdot 0$ . $[(z)]$ $!\cdot 0$ ,
$[-z^{\wedge}2+2*c2+2,z^{rightarrow}4-4*z^{\wedge}2+4*s2^{\wedge}2.-c1*z+s2,z^{-}2-2*s1*z]$
$[1-1, r,z]–0$ , $[]$ $!\approx 0$ ,
$[c2+1, s2, c1^{\wedge}2+s1^{\wedge}2-1]$
$[$1-1. $z]<0$ . $[(r)]!\cdot 0$ .
$[-r^{\wedge}2+2*c2+2,r^{\wedge}4-4*r^{\wedge}2+4*s2^{\wedge}2,r^{\wedge}2-2*c1*r, sl*r+s2]$
$[z^{\wedge}2+r^{\wedge}2,1-1]--0$ , $[(z), (r)*(z), (r)]!=0$ .
[1]
:
. 1 segment , , reduced Gr\"obner
. ,




$(V(l-1)\backslash V(rz(z^{2}+r^{2})),$ $\{-z^{2}-r^{2}+2c_{2}+2,$ $z^{4}+(2r^{2}-4)z^{2}+r^{4}-4r^{2}+4s_{2}^{2}$ ,
$(r-2c_{1})z^{2}+2s_{2}z+r^{3}-2c_{1}r^{2},$ $rz^{3}-2s_{1}rz^{2}+r^{3}z-2s_{1}r^{3}-2s_{2}r^{2}$ } $)$
136
, $V(l-1)\backslash V(rz(z^{2}+r^{2}))$ , $\{-z^{2}-r^{2}+2c_{2}+2,$ $z^{4}+(2r^{2}-4)z^{2}+r^{4}-4r^{2}+$
$4s_{2}^{2},$ $(r-2c_{1})z^{2}+2s_{2}z+r^{3}-2c_{1}r^{2},$ $rz^{3}-2s_{1}rz^{2}+r^{3}z-2s_{1}r^{3}-2s_{2}r^{2}$ } $\subset L[s_{1}, c_{1}, s_{2}, c_{2}]$
$s_{1}>c_{1}>s_{2}>c_{2}$ reduced Gr\"obner .
5.2.2 $ss_{-}cgs.cgsmain,$ $ss_{-}cgs.fcgs$ -main
ss-cgs. cgs main, ss-cgs.fcgs.nain .
$pv$, po: . $pv=list$ , $po–$: number, lis$t$
or matrix .
phom :phom $=Bag$ , Gr\"obner .
$phom=0$ .
pmod :pmod $=Bag$ or prime number Gr\"obner $tra\infty$
. $pmod=1$ .
ra :ra $=flag$ reduced CGS . ra $=1$ .
elim :elim $=number$ , segment
. $elim=0$ , $elim=- 1$
. $elim=2$ .
prim :prim $=Bag$ , . $prim=0$
.
zrad :s8-cg8.cgs.nain . $zrad=flag$ , $0$
. $zrad=0$ .
print :print $=Rag$ , . $pdnt=0$ .
5.2.3 ss-cgs.cgs, ss-cgs.hcgs, ss-cgs.fcgs, ss-cgs.hfcgs
ss-cgs. cgs(plist, vlist, order)
ss-cgs. hcgs ($p1ist$ , vlist, order)
$::Comprehensive$ Grobner System .
ss-cgs. $f$ cgs (Plist, vlist, order)
$s$ s-cgs.hfcgs(Plist, vlist, order)
$::Faithful$ Comprehensive Grobner System .
retun $ss$-bran$ch$ . plist .
vlist order , .
$\bullet$ plist vlist, order reduced CGS ,
reduced faithful CGS .. ss-cgs. $cgs$ (Plist, vlist, order) , ss-cgs. $cgs\ovalbox{\tt\small REJECT} ain$ ($plist$, vlist, $0,1$ , order) .
$\bullet$ ss-cgs. hcgs(Plist, vlis$t$ , order) , ss-cgs.cgs-main(plist, vlist, 1, 1, order) .
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. ss-cgs. $f$ cgs (plist, vlist, order) , ss-cgs. fcgs main(plis$t$ , vlis$t,$ $0,1$ , order) .. ss-cgs. hf cgs (plist, vlist, order) , ss-cgs. fcgsmain($plist$ , vlist, 1, 1, order) .
5.2.4 $ss_{-}cgs.cgb$
ss-cgs. $cgb$ ($plist$, vlist, order)
ss-cgs. hcgb($plist$, vlist, order)
: :Comprehensive Gr\"obner Basis .
$re$turn ss-branch . plis$t$ .
vlist order , .
$\bullet$ plist vlist, order reduced CGB .
$\bullet$ ss-cgs. cgb(plist, vlist, order) , 8ss$-cgs.fcgs_{-}main$ ($plist$ , vlist, $0,1$ , order) faithful reduced
CGS , .
$\bullet$ ss-cgs. hcgb(plist, vlist, order) , ss-cgs. fcgs-main(plist, vlist, 1, 1, order) f thful reduced
CGS , .
2:
$\langle r-c_{1}+l(s_{1}s_{2}-c_{1}c_{2}), z-s_{1}-l(s_{1}c_{2}+s_{2}c_{1}), s_{1}^{2}+c_{1}^{2}-1, s_{2}^{2}+d-1\rangle\subset$
$\mathbb{Q}[z, r, l, s_{1}, c_{1}, s_{2}, c_{2}]$ , $s_{1}>c_{1}>s_{2}>c_{2}$ reduced CGB .
[301] $F$ $[r-c1+1*(s1*s2-c1*c2), z-s1-1*(s1*c2+s2*c1). s1^{-}2+c1^{-}2-1_{*}s2^{r}2+c2^{-}2-1]$
$[302]G\Leftrightarrow ss_{-}c$gs. $cgb$ ($F$ , [sl, cl, 82. $c2].2$);
The faithful CGS computation done. . . .
UP$\cdot$ [ 0.015625 0.046875], $RA=$ $[ 00],$ $NZC\approx 15,$ NZCT$\cdot$ [ 0.234375 0.09375], $ZC\cdot 2$ .
$ZCT$. $[ 00]$ . $AEC\Leftrightarrow 0$ . $AET$. $[ 00]$ . $BEC\cdot 20,$ BET$\cdot$ $[ 00],$ $ALC\cdot 17,$ $MaxDepth\cdot 4$ ,
$MaxWidth-6$








return . brlist CGS $ss$ -bran$ch$ .
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, $[slist]==0$ , [tlist] $!=0,$ $[gbl_{l}’st]$ 1 segment ($V(slist)\backslash V(tlist)$ , {gblist})
.
$\bullet$ “[slist] $==0$’ slist $0$ , [tlist] $!=0$’ tlist
, 1 $0$ .
5.3 CGS
, .
ss-cgs.segprint :ss-cgs.8egprint( $t$ , number) CGS ( )
.
ss-cgs.segno : $ss$-cgs. segno(nolist, brlist) CGS ( ) nolist segment
.
ss-cgs.trmlseg :ss-cgs. trmlseg(brlist) , CGS segment .
$ss_{-}cgs.upperseg:ss_{-}cgs.$ uPperseg(nolist, brlist) CGS ( ) nolist segment
segment .






SS-CGS , CGS . $F\subset K[\overline{A},\overline{X}]$ . $G$
$<_{\overline{A}},\overline{x}$
$\langle F\rangle\subset K[\overline{A},\overline{X}]$ reduced Gr\"obner , $\{h_{1}, \ldots, h_{t}\}=$ {HC$<x(g)|g\in$
$G\backslash K[\overline{A}]\}\subset K[\overline{A}]$ . , $(V(G\backslash K[\overline{A}])\backslash (V(h_{1})\cup\cdots\cup V(h_{l})), G)$ $F$ $<\overline{x}$





, . , segment
( segment segment
) , ( )
. ,
$\langle F\rangle=\langle aX^{3}Y+cXY^{2}, X^{4}Y+3dY, cX^{2}+bXY, X^{2}Y^{2}+aX^{2}, X^{5}+Y^{5}\rangle\subset \mathbb{Q}[a,b, c,d,X,Y]$
, $a,$ $b,$ $c,$ $d$ , $X,$ $Y$ $X>Y$ $<\{X,Y\}$
CGS . $F\cup\{h_{1}\},$ $\ldots,$ $F\cup\{h_{t}\}$ ,
$T(a, b, c, d)$ $<\{a,b,c,d\}$ , $HT<ta,b,e,\text{\’{e}}$}
$(h_{i})$ $F\cup\{h_{t}\}$
, , 0688 , segment 31 ,
segment 100 , segment 0563 , ,
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2594 , segment 89 , segment 234 , segment
2234 . , segment , 2543
, segment 7930 .
7
, $Risa/Asir$ PGB , SS-CGS
.
, SS-CGS , [10] ,
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